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Attempt any four questions. All questions carry equal marks.

1. If Aut (𝐺) and Inn (𝐺) denote the set of all automorphisms and the set of all inner automorphisms,
respectively of a group 𝐺, then obtain Aut (ℤ8) and Inn (𝐷8), where D8 is a dihedral group of
order 8. Is Inn (D8) isomorphic to ℤ4? Justify.
2. Express 𝑈(40) as an External Direct Product and an Internal Direct Product of its subgroups.
What are the possible order of elements in 𝑈(40)? How many elements are of order 4 in 𝑈(40)?
Further, find the number of cyclic subgroups of order 4 in 𝑈(40).
3. Determine the isomorphism classes of Abelian groups of order 500. Further find those
isomorphism classes that have ‘only one subgroup of order 5’ and those isomorphism classes that
has ‘only six subgroups of order 5’.
4. Let 𝐺 =D8 be the dihedral group of order 8 with the usual generators 𝑟 and 𝑠 and 𝐴 = 〈𝑠𝑟〉 be the
subgroup in 𝐺. Find the centralizer of 𝐴, 𝐶 (𝐴) and the normalizer of 𝐴, 𝑁 (𝐴). Further, list the
left costs of 𝐻, and label them with the integers 1,2,3,4. Exhibit the image of each element of 𝐺
under the representation 𝜋 of 𝐺 into 𝑆4 obtained from the action of 𝐺 by left multiplication on
the set of left cosets of 𝐻 in 𝐺. Is the representation faithful? Justify.
5. Let 𝜎1 = (25)(136) and σ2 = σ1(65) be the permutations in S7. Are σ1 and σ2 conjugate? If they are,
give an explicit permutation 𝜏 such that 𝜏𝜎1𝜏 = σ2. Also, discuss again for σ2 = σ15. Further find
|𝐶 (𝜎)|, where 𝜎 = (25)(136).
6. Let 𝐺 be a group of order 735. If the number of Sylow 7-subgroups are more than 1, then show
that there exists a normal Sylow 5-subgroup, 𝐾. Also show that there exists a normal subgroup of
order 245. Further show that 𝐾 ⊆ 𝑍(𝐺).

