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Attempt any four questions. All questions carry equal marks. All symbols have usual meaning. 

 

1. Prove that  ቄቂ
𝑥 𝑦
𝑧 𝑤

ቃ ∶ 𝑥, 𝑦, 𝑧, 𝑤 ∈ ℤଵଵቅ  is a group under matrix multiplication. Is this group 

abelian? Give an example to verify your answer.  

Find the inverse of   ቂ2
3

   6
   5

ቃ  in GL(2, ℤଵଵ).      

2. Find the order of the group and order of each element in the group where the groups are 
ℤଵଶ and  𝑈(10).  

Show that 𝑈(14) =  〈3〉  =  〈5〉.  

Show that 𝑈(20)  ≠  〈𝑘〉 for any  𝑘 ∈ 𝑈(20). 

3. Let 𝐴 = ቂ1 2 3 4 5 6
2 1 3 5 4 6

ቃ  and 𝐵 =  ቂ
1 2 3 4 5 6
6 1 2 4 3 5

ቃ. Compute  𝐴ିଵ, 𝐴𝐵, 𝐵𝐴 .  

Let  𝛼 , 𝛽 ∈  𝑆, where  𝑆 is a group of symmetries of degree n. Prove that  

     i) 𝛼ିଵ 𝛽ିଵ 𝛼 𝛽  is an even permutation. 
     ii) 𝛽𝛼𝛽ିଵ and  𝛼  are both even or both odd. 

4. Let 𝑀ଶ (ℤ) be the ring of all 2 x 2 matrices over the integers and let 

S = ቄቂ
𝑥 𝑥 − 𝑦

𝑥 − 𝑦 𝑦 ቃ ∶ 𝑥, 𝑦 ∈ ℤቅ . 

Prove or disprove that S is a subring of 𝑀ଶ(ℤ). 

Consider the ring  𝐷 as follows 
  𝐷 = {𝑎 + 𝑖𝑏 + 𝑐𝑗 + 𝑑𝑘 ∶ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ}   

where  𝑖ଶ =   𝑗ଶ =   𝑘ଶ = −1 and 𝑖𝑗 = 𝑘 = −𝑗𝑖 , 𝑗𝑘 = 𝑖 = −𝑘𝑗 , 𝑖𝑘 = 𝑗 = −𝑘𝑖. Prove or 
disprove that  𝐷 forms a field. 

Find a zero-divisor and a non-zero element a satisfying 𝑎ଶ = 𝑎 (other than 1) in the ring                       
ℤହ[𝑖], where  ℤହ[i]= {𝑥 + 𝑖𝑦 ∶ 𝑥, 𝑦 ∈ ℤହ, 𝑖ଶ = −1}.   

5. Let W be the subset of  ℝସ,  where 
 W = {(𝑎, 𝑏, 𝑐, 𝑑) ∈ ℝସ ∶  𝑐 = 𝑎 + 2𝑏 and 𝑑 = 𝑎 − 3𝑏}. 
      i)  Check whether W is a subspace of ℝସ  or not.  
      ii) Find a basis of W and give its dimension.  



  Consider the set of vectors S from  ℝଷ such that   
                   𝑆 =  {(2, 2, 3), (−1, −2, 1), (0, 1, 0)}.                          
 Check whether S spans  ℝଷ.  Is S  linearly independent? 
 

6. Let  𝐿 ∶ ℝଶ  ⟶  ℝଷ  be defined by  𝐿(𝑣ଵ , 𝑣ଶ ) = (𝑣ଵ − 𝑣ଶ , 𝑣ଵ , 2𝑣ଵ + 𝑣ଶ ).  
   i) Prove that L is a linear transformation from  ℝଶ to  ℝଷ.  

                 ii) Find basis for the Null space  N(L) of  L and compute Nullity.  
                 iii) Find Rank of L. Further, verify Rank Nullity Theorem. 


