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Attempt any four questions. All questions carry equal marks. 

1. Let 𝐺 = GL(𝑛, ℝ). Let 𝐻 = {𝐴 ∈ 𝐺 | det 𝐴 is a power of 5}. Then prove or disprove that 𝐻 is 

a subgroup of 𝐺. Find the elements in 𝑈(10) and 𝑈(12) that satisfy the equation 𝑥ଶ = 1. 

2. List all the elements of order 3 in ℤଶସ. Find the smallest subgroup of ℤ containing 12 and 18. 

Determine the subgroup lattice for ℤଶସ. 

3. Let 𝑆 be the symmetric group of degree 𝑛. Suppose that 𝛼 ∈ 𝑆 can be written as a product 

of disjoint cyclic permutations of lengths 𝑚ଵ, 𝑚ଶ, … , 𝑚 , (𝑟 ∈ ℕ),  respectively. Then prove 

that the order of 𝛼 is lcm(𝑚ଵ, 𝑚ଶ, … ,𝑚). Find the orders of (13)(27)(456)(8)(1237)(648)(5)  

and (124) (345). Furthermore, show that if 𝐻 is a subgroup of 𝑆 then either every member of 

𝐻 is an even permutation or exactly half of them are even. Also, find 𝑍(𝑆) for 𝑛 ≥ 3. 

4. Show that for a finite group 𝐺, the index of a subgroup 𝐻 in 𝐺 is |𝐺|/|𝐻|.  Prove that every 

subgroup of index 2 of a group 𝐺 is normal. Give an example of a subgroup 𝐻 of index 3 in a 

group 𝐺 which is not normal in 𝐺. Also, determine the index of 3ℤ in ℤ. 

5. Let 𝐻 = {𝛽 ∈ 𝑆ହ ∶ 𝛽(1) = 1} and 𝐾 = {𝛽 ∈ 𝑆ହ ∶ 𝛽(2) = 2}. Prove that 𝐻 is isomorphic to 𝐾. 
Is the same true if 𝑆ହ is replaced by 𝑆, where 𝑛 ≥ 3? Further prove or disprove that 𝑆ସ is 
isomorphic to 𝐷ଵଶ. 

6. If 𝐻 is a subgroup of 𝐺 and 𝐾 is a normal subgroup of 𝐺, then prove that 𝐻/(𝐻 ∩ 𝐾) is 
isomorphic to 𝐻𝐾/𝐾. Also determine all homomorphisms from ℤ to itself. 


